We construct two low order nonconforming quadrilateral elements for the ReissnerMindlin plate. The first one consists of a modified nonconforming rotated Q 1 element for one component of the rotation and the standard 4−node isoparametric element for the other component as well as for the the approximation of the transverse displacement, a modified rotated Raviart-Thomas interpolation operator is employed as the shear reduction operator. The second differs from the first only in the approximation of the rotation, which employs the modified rotated Q 1 element for both components of the rotation, and a jump term accounting the discontinuity of the rotation approximation is included in the variational formulation. Both elements give optimal error bounds uniform in the plate thickness with respect to the energy norm as well as the L 2 norm.
Introduction
In the last two decades, extensive efforts have been devoted to the design and analysis of finite elements to resolve the Reissner-Mindlin (R-M) plate, which is one of the most widely used plate bending model. However, the elements for which a sound mathematical analysis exists are largely constricted to triangular and rectangular elements. Arnold, Boffi and Falk 3 checked the possible traps during the straightforward extension of rectangular elements to general quadrilateral meshes. Following the guideline of 3 , it seems hopeful to analyze the classical quadrilateral MITC family 13 35 . Durán, Hernández, Hervella-Nieto, Liberman and Rodríguez 20 recently proposed a new quadrilateral element (DL4) which is the same with MITC4
8 except that a bubble enriched 4−node isoparametric element is used to approximate the rotation. They established the optimal H 1 error bound for a general quadrilateral mesh, while the optimal L 2 error bound is only proved for mildly distorted quadrilat-eral meshes a . Meanwhile, for the nested mesh with mildly distorted quadrilaterals, they derived optimal H 1 and L 2 error bounds for the classical MITC4. In 25 , we proposed two elements that are also similar to MITC4 except that the rotation is approximated by the nonconforming rotated Q 1 element (NRQ 1 ) 34 . The optimal H 1 and L 2 error bounds are derived for mildly distorted quadrilateral meshes. Consequently, all the above elements cannot be regarded as strictly locking-free since they degrade over general quadrilateral meshes either in the L 2 norm or even in the energy norm.
In this paper, we present two new quadrilateral elements, which can be regarded as the quadrilateral extension of the rectangular elements in 28 . For the first element, we use the modified NRQ 1 to approximate one component of the rotation, and the 4−node isoparametric element to approximate the other component as well as the transverse displacement. A modified rotated Raviart-Thomas interpolation operator introduced in 31 is employed as the shear reduction operator. The second element differs from the first in the approximation of the rotation. The modified NRQ 1 is used to approximate both components of the rotation, and a jump term which accounts the discontinuity of the rotation approximation is included in the variational formulation. We prove optimal H 1 and L 2 error bounds uniform in the plate thickness over general quadrilateral meshes.
The main ingredient of our method is a new shear reduction operator, which is motivated by the observation due to 20 31 32 , namely, the L 2 convergence rate deterioration originates from the the non-optimality of the following interpolation estimate for the rotated RT [0] element 36 :
where Π is the rotated RT [0] interpolation operator, and d K is the distance between the midpoints of two diagonals of an element K of the triangulation T h for a domain Ω. While the modified rotated RT [0] element instead admits the optimal interpolation error estimate:
where R h is the modified rotated RT [0] interpolation operator. In the same spirit, the rotated ABF [0] interpolation operator 4 could also be used as a shear reduction operator that would lead to the optimal L 2 error estimate. Actually, the relatively new ABF [0] interpolation operator appeared in early 80's engineering literature in a disguised form as a kinematically linked interpolation operator. This interesting relation has recently been uncovered in 30 and 32 . Naturally, the L 2 error degradation of DL4 element could be cured by using either the modified rotated RT [0] or the rotated ABF [0] interpolation operator as the shear reduction operator.
The outline of the paper is as follows. We introduce the R-M model and recall some a priori and regularity estimates of the solutions in §2. In §3, we introduce the a See 29 for the exact definition.
elements. Two Korn's inequalities for piecewise vector field of the approximation spaces of the rotation are established in §4. We derive error bounds for all variables in the energy norm and L 2 norm in the last section. Throughout this paper, the generic constant C is assumed to be independent of the plate thickness t and the mesh size h.
Variational Formulation
Let Ω represent the mid-surface of the plate, which is assumed to be clamped along the boundary ∂Ω. In the sequel, we assume that Ω is a convex polygon. Let φ and ω be the rotation and the transverse displacement, respectively. In the R-M plate model, they are determined by the following variational formulation: Find
where a(η, ψ) = CE(η), E(ψ) for any η, ψ ∈ H Given φ and ω, the shear stress γ is defined by
A proper space for the shear stress is H −1 (div, Ω), which is defined as the dual space of
with t denoting the unit tangent to ∂Ω and rot q = rot(q 1 , q 2 ) = ∂ x q 2 − ∂ y q 1 . It can be shown that
and the norm in H(div, Ω) is given by
The following a priori estimates and regularity results of the solution of (2.1) are essentially included in the Appendix of 6 and 17 as
(2.9)
Finite Element Approximation
Let T h be a partition ofΩ by convex quadrilaterals K with the diameter h K and h := max K∈T h h K . We assume that T h is shape regular in the sense of CiarletRaviart 18 . Namely, all quadrilaterals are convex and there exist constants σ ≥ 1 and 0 < ρ < 1 such that
Here h K and θ i,K denote the shortest length of edges and the interior angles of K, respectively. The quasi-uniformity of T h is not assumed. LetK = (−1, 1) 2 be the reference square and the bilinear function F be an isomorphism fromK → K = F (K). Let DF be the Jacobian matrix of the mapping F and J its determinant. Obviously,
For notation brevity, the inner products in L 2 (K) and L 2 (Ω), and the dual pairing between H −1 (div, Ω) and H 0 (rot, Ω) are all denoted by (·, ·). Denote by − Ω1 f the mean value of a function f over the sub-domain Ω 1 of Ω. We firstly use the standard 4−node isoparametric bilinear element space
to approximate the transverse displacement, where
Denote by Π 1 the standard bilinear interpolation operator. Next we define
and Q e (v) = 0 if e ⊂ ∂Ω } with
and Q e (v): = − e v for all smooth function v: K → R and e ⊂ ∂K. The five degrees of freedom associated with Q 1 are give by the mean value of a function f over four edges and the integral −Kf • F −1xŷ . Denote by Π h the standard interpolation operator over N h .
Remark 3.1. The finite element space N h defined above is a modification of NRQ 1 by addingxŷ in the basis function. It differs from the element introduced in 16 as
as the approximation space of the rotation. As V h and V h are nonconforming, so when differential operators such as E, rot and ∇ may be applied to functions in V h or V h , we shall write E h , rot h and ∇ h in all these cases, which are defined piecewise on each element. The space V h or V h is equipped with the piecewise semi-norm |v| 1,h = ∇ h v 0 and the norm v 1,h = v 0 + |v| 1,h . The same rule is applicable to the scalar functions in N h . Using the general theory in 2 , we have the interpolation result
Finally, we define
It is easy to rewrite (3.11) into the following form:
A straightforward calculation gives
Next we prove a property of R h .
(Ω), so Π 1 u is well-defined. By the Sobolev imbedding theorem that R h ∇u is also well-defined. Using (3.13) with v = ∇u, we get
where we have used Lemma 2.1 of 20 in the last identity.
Proof. Using (3.13), we have
Taking the rotation into account, it is proved in Theorem 7.1 of
A straightforward calculation yields
Combining the above three equations and adding up all K ∈ T h , we obtain (3.17). The estimate (3.18) is a direct consequence of (3.14).
Define by E h all edges of T h and E h all interior edges of T h . As in 15 , for any piecewise vector v ∈ Π K∈T h H 1 (K), we define the jump of v as
where (v ⊗ n) S denotes the symmetric part of the tensor product. On the boundary edge, we define the jump of a vector as [v] = (v ⊗ n) S , where n is the outward normal to ∂Ω. We introduce the first element which solves the following Problem 3.1. Find φ h ∈ V h and ω h ∈ W h such that
The shear stress is defined locally as
The second element is defined as to solve the following Problem 3.2. Find φ h ∈ V h and ω h ∈ W h such that
for all u, v ∈ V h , where κ e is a positive constant. The shear stress is defined as in Problem 3.1.
Note that e ψ · t ds is well-defined for any ψ ∈ V h or V h , so R h ψ is also well-defined for any ψ ∈ V h or V h . Remark 3.2. It seems quite unusual at the first sight that the vector space V h consists of two different finite element spaces. This is mainly due to the fact that the discrete Korn's inequality is invalid over V h as suggested in 28 by means of a counterexample. If we use V h to approximate the rotation in Problem 3.1, then the resulting method does not converge in the classic sense even over a rectangular mesh 28 .
Korn's Inequality
In this section, we first prove Korn's inequality for V h , next we cite a weak Korn's inequality for V h , which is the cornerstone for Problem 3.2. We shall frequently use the following basic inequality: For any K ∈ T h and e ⊂ ∂K, there exists a constant C only depending on the shape regularity constants σ and ρ, such that
This inequality also holds for vector-valued functions v ∈ H 1 (K). We refer to 1 for a proof. Using the above inequality, we get 19 and W h is replaced by the conforming P 1 element. This inequality has been proven in 26 by a different method under a constraint on the mesh partition.
The next lemma concerns a weak Korn's inequality for a vector field in V h . Lemma 4.2. For any u ∈ V h , there exists a constant C such that The above inequality is a special case of the results in 11 . Notice that (4.3) cannot be directly deduced from (4.8).
Clearly, Poincaré's inequality for the function in V h and V h hangs on Poincaré's inequality for the function in N h . Lemma 4.3. There exists a constant C such that
The above inequality is well-known, see for instance, Remark 3.3 of 33 or see 12 for more general case. Using (4.3), (4.8) and Lemma 4.3, it is straightforward to prove the coercivity of a h . Lemma 4.4. There exists a constant C such that
If there exists a constant κ 0 such that κ e ≥ κ 0 for all e ∈ E h , then
On the other hand, it follows from (4.1) that there exists a constant C such that
Error Estimates
In this section, we shall derive the error bounds. Our approach is essentially the same as that in 21 and its generalization 22 . The main ingredient is a Fortin operator 23 constructed in next lemma.
Lemma 5.1. Let M h be a space consisting of piecewise constants on each element. Then there exists an operator Π:
, the following estimate holds:
Proof. We consider the following auxiliary problem:
Notice that (V h , M h ) is a stable pair for the rot operator (see, e.g.,Theorem 4.5 of 28 ), so the existence and uniqueness of (v h , p h ) are the consequence of the classic mixed finite element method theory 14 . Denote Π h = (Π h , Π h ), we have
Using the discrete B-B inequality for (V h , M h ), we obtain
A combination of the above two inequalities and using (3.8) give
which implies (5.3). A standard dual argument gives
Let Πv = v h , we complete the proof. 
Lemma 5.2. There exists
Proof. For any q ∈ M h , it follows from the definition of R h and (5.1) that
which together with (3.14) gives rot R K (φ − Πφ) = 0 over each element K. By Lemma 3.1, there exists ω 1 ∈ W h such that Using (3.15), we get ∇Π 1 ω = R h ∇ω. Consequently,
Define the consistency error functional e h (u, v) for any u ∈ H 2 (Ω) and v ∈ V h or V h as
where v 1 is the first component of v. Using (4.2), we estimate e h as
) be the solution of Problem 3.1 or Problem 3.2, and (φ, ω, γ) be the solution of (2.1) and (2.2), there holds
Proof. For any ψ ∈ V h or V h and v ∈ W h , we have the error equation for the solution
from which we get
(5.14)
Let ψ: = Πφ − φ h and v = ω h − ω h . Applying Lemma 5.2, we conclude
Substituting the above identity into (5.14), using (4.10), (4.12), (5.11) and (3.17), we obtain
Using (5.3), Remark 5.2, the interpolation estimate (3.17), the regularity estimates (2.7) and (2.9), we obtain
It follows from
and (5.17) that the error bound (5.12) for ω holds.
We turn to the L 2 error estimate. To this end, we need the following lemma, which can be proved as that in Lemma 4.2 of 20 .
Lemma 5.3. For any u ∈ H 1 0 (Ω) and ζ ∈ H(div, Ω), there exists a constant C such that
Define an auxiliary problem as:
(5.20)
Define s = λt −2 (∇z − ψ). Analog to (2.8) and (2.9), we have the regularity result of the above auxiliary problem as
For the solutions of the above problem, using Lemma 5.2, there exists a function z h ∈ W h such that λt −2 (∇z h − R h Πψ) = R h s. Obviously,
Using (5.22), we obtain
where we have used (γ − γ h , ∇z h ) = 0. By substituting the above two identities into (5.24) we obtain φ − φ h Summing up all the above estimates, using (5.12), (3.18) and the regularity estimate (5.21), we obtain the desired estimate (5.23).
